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Outline

core excitation:
extended Faddeev/AGS formalism

3-body nuclear reactions
— 24Mg(d,d′)

— 10Be(d, p), 11Be(p,d), 11Be(p, pn)
— 20O(d, p)

4-particle scattering
(p,n), (d,p) and (d,n) reactions in 4N system
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Faddeev equations

(E−H0−vα)|ψα〉= vα ∑
σ

δ̄ασ|ψσ〉

|Ψ〉= ∑
α
|ψα〉

difficult to solve
exact solution of 3-body problem:
discrepancy with data
→ shortcomings of 3-body Hamiltonian



Alt, Grassberger, and Sandhas equations

Uβα = δ̄βαG−1
0 +∑

σ
δ̄βσTσG0Uσα

U0α = G−1
0 +∑

σ
TσG0Uσα

Tσ = vσ +vσG0Tσ

G0 = (E+ i0−H0)
−1

channel states (E−H0−vα)|φα〉= 0

...



AGS equations with 3BF

V3BF =
3

∑
α=1

wα

Uβα = δ̄βαG−1
0 +∑

γ
δ̄βγTγG0Uγα

+wα+∑
γ

wγG0(1+TγG0)Uγα



AGS equations: numerical solution

Uβα = δ̄βαG−1
0 +∑

σ
δ̄βσTσG0Uσα

3 sets of Jacobi momenta

• pα

•

•

α
qα

momentum-space partial wave basis

set of coupled 2-variable integral equations

integrable singularities in kernel

Coulomb interaction: screening and renormalization

[PRC 71, 054005; PRC 72, 054004; PRC 74, 064001]



Core excitation (CX): extended Hilbert space

H =Hg⊕Hx

sector coupling by interaction



Core excitation (CX): extended Hilbert space

H =Hg⊕Hx

sector coupling by interaction

standard operator form of 3-body AGS equations
with H0 → H0+hint

A

hint
A |Ha〉= (mA∗ −mA)δax|Ha〉



3-body AGS equations with core excitation

Uba
βα = δ̄βαδbaG

−1
0 +∑

σ
∑

j

δ̄βσTb j
σ G0U

ja
σα

Uba
0α = δbaG

−1
0 +∑

σ
∑

j

Tb j
σ G0U

ja
σα

Tba
σ = vba

σ +∑
j

vb j
σ G0T

ja
σ

G0 = (E+ i0−H0)
−1

channel states (E−H0)|φa
α〉= ∑

j

va j
α |φ j

α〉

H0|pαqα〉
a = [p2

α/2µα +q2
α/2Mα +(mA∗ −mA)δax]|pαqα〉

a

[PRC 88, 011601(R)]



24Mg(d,d’)24Mg(2+) inelastic scattering
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Rotational model for VNA with β2 = 0.4...0.5 [NPA 947, 173]

DWBA: β2 ∼ 0.5 (p, p′), β2 ∼ 0.4 (d,d′)



CX effect in 10Be(d,p)11Be at 21.4 MeV
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[PRC 91, 024607]



11Be(p,d)10Be: sensitivity to VNA
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Potential test: N + 20O
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Shell-model SF for 21O: 0.34(5
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20O(d,p)21O at 21 MeV
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[PLB 769, 202]



20O(d,p)21O: extracting SF?
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20O(d,p)21O: extracting SF?
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SF= σexp/σSP in general unreliable !
Faddeev/AGS: (VNA - SF - data) compatibility check



11Be(p,pn)10Be at 200 MeV/u near np QFS (ΘA = 0◦)
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4N scattering

Hamiltonian H0+∑
i> j

vi j

• •

•

•

v12

1
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3

4

Wave function:
Schrödinger equation (HH + Kohn VP, r-space)
[M. Viviani, A. Kievsky, L. E. Marcucci, S. Rosati, L. Girlanda]

Wave function components:
Faddeev-Yakubovsky equations (r-space)
[R. Lazauskas, J. Carbonell]

Transition operators:
Alt-Grassberger-Sandhas equations (p-space)
[AD, A. C. Fonseca]



4-body scattering: AGS equations

4-body transition operators

ti = vi +viG0ti

G0 = (E+ i0−H0)
−1

U jk
γ = G−1

0 δ̄ jk +∑
i

δ̄ ji tiG0U
ik
γ

U
ji
βα = (G0 tiG0)

−1δ̄βαδ ji +∑
γk

δ̄βγU
jk

γ G0tkG0U
ki
γα

i, j,k: pairs ( ≡ three-cluster (2+1+1) partitions)
α,β,γ: two-cluster (1+3 or 2+2) partitions



4-body scattering: AGS equations

4-body transition operators

ti = vi +viG0ti

G0 = (E+ i0−H0)
−1

U jk
γ = G−1

0 δ̄ jk +∑
i

δ̄ ji tiG0U
ik
γ

U
ji
βα = (G0 tiG0)

−1δ̄βαδ ji +∑
γk

δ̄βγU
jk

γ G0tkG0U
ki
γα

i, j,k: pairs ( ≡ three-cluster (2+1+1) partitions)
α,β,γ: two-cluster (1+3 or 2+2) partitions

wave function

|Ψα〉= |Φα〉+∑
γ jki

G0 t j G0U jk
γ G0 tk G0U

ki
γα|φ

i
α〉

|Φα〉= ∑
i

|φi
α〉, |φi

α〉= G0∑
j

δ̄i j t j |φ j
α〉



4-body scattering amplitudes

two-cluster reactions:

〈Φβ|Tβα|Φα〉= ∑
ji

〈φ j
β|U

ji
βα|φ

i
α〉

three-cluster breakup:

〈Φ j |T j
α |Φα〉= ∑

βki

〈Φ j |U jk
β G0 tk G0U

ki
βα|φ

i
α〉

four-cluster breakup:

〈Φ0|T0α|Φα〉= ∑
β jki

〈Φ0|t j G0U jk
β G0 tk G0U

ki
βα|φ

i
α〉

[PRC 75, 014005; PRA 85, 012708]



Symmetrized AGS equations

t = v+vG0t

G0 = (E+ iε−H0)
−1

U j = PjG
−1
0 +Pj tG0U j

3+1 : P1 = P12P23+P13P23

2+2 : P2 = P13P24

U11 = (G0 tG0)
−1ζP34+ζP34U1G0 tG0U11+U2G0 tG0U21

U21 = (G0 tG0)
−1(1+ζP34)+(1+ζP34)U1G0 tG0U11

U12 = (G0 tG0)
−1+ζP34U1G0 tG0U12+U2G0 tG0U22

U22 = (1+ζP34)U1G0 tG0U12

ζ =−1 (+1) for fermions (bosons)

basis states partially symmetrized



Scattering amplitudes: E+ iε → E+ i0

2-cluster reactions:

Tf i = sf i〈φ f |U f i|φi〉

|φ j〉= G0tPj |φ j〉

|Φ j〉= (1+Pj)|φ j〉

3-cluster breakup/recombination:

T3i = s3i〈φ3|[(1+ζP34)U1G0 tG0U1i +U2G0 tG0U2i]|φi〉

4-cluster breakup/recombination:

T4i = s4i{〈φ4|[1+(1+P1)ζP34](1+P1)tG0U1G0 tG0U1i|φi〉

+ 〈φ4|(1+P1)(1+P2)tG0U2G0 tG0U2i|φi〉}



Solution of 4N AGS equations

U12|φ2〉= G−1
0 P2|φ2〉−P34U1G0 tG0U12|φ2〉+U2G0 tG0U22|φ2〉

 1

l l lx l lx

l

y

z

z y

2

momentum-space partial-wave basis
|kxkykz[lz({ly[(lxSx) jxsy]Sy}Jysz)Sz]JM, [(Txty)Tytz]TMT〉1

|kxkykz[lz{(lxSx) jx[ly(sysz)Sy] jy}Sz]JM, [Tx(tytz)Tz]TMT〉2

large system (up to 30000) of coupled 3-variable
integral equations with integrable singularities

Coulomb interaction: screening and renormalization
[PRC 75, 014005, PRL 98, 162502]



n+3He total and partial cross sections
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[PRL 113, 102502; PRC 90, 044002]



Charge exchange reaction 3H(p,n)3He
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Transfer reaction 2H(d, p)3H

1

10

dσ
/d

Ω
 (

m
b/

sr
) Ed = 3.0 MeV

Gruebler

Ed = 6.0 MeV

Brolley

Ed = 7.0 MeV Ed = 8.0 MeV

1

10

dσ
/d

Ω
 (

m
b/

sr
) Ed = 9.0 MeV

Ed = 10.0 MeV

INOY04
CD Bonn
CD Bonn + ∆
N3LO

Ed = 11.5 MeV Ed = 12.15 MeV

1

10

0 60 120

dσ
/d

Ω
 (

m
b/

sr
)

Θc.m. (deg)

Ed = 13.0 MeV

0 60 120
Θc.m. (deg)

Ed = 13.8 MeV

0 60 120
Θc.m. (deg)

Ed = 18.0 MeV

0 60 120
Θc.m. (deg)

Ed = 25.3 MeV

van Oers



Transfer reaction 2H(~d, p)3H: analyzing powers
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Spin transfer in 2H(~d,~n)3He at 10 MeV
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Few-body nuclear reactions

3-body AGS equations:
extension including core excitation

complicated CX effects in transfer reactions,
no simple relation to SF

4-body AGS equations
— (p,n), (d,p) and (d,n) reactions in 4N system
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