
4 Finite-range T matrix calculation

4.1 Problem description
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4.2 Integral form in 3D coordinate basis

The T matrix takes the form:

T
MaMAMbMB
�↵ = h�MB

B �
Mb(�)
b |Vpost/prior|�MA(+)

a �
Ma
a i (36)

expand it into an integral form:

T
MaMAMbMB
�↵ =

Z
d~rad~rbxd~rbd~rxh�MB

B �
Mb(�)
b |~rb~rxih~rb~rx|Vpost/prior|~ra~rbxi

⇥ h~ra~rbx|�MA(+)
a �

Ma
a i

(37)

ignore the spin of the relative motion scattering wave function:

T
MaMB
�↵ =

Z
d~rad~rbxd~rbd~rxh�MB

B �
(�)
b |~rb~rxih~rb~rx|Vpost/prior|~ra~rbxi

⇥ h~ra~rbx|�(+)
a �

Ma
a i

(38)

the four inner products can be expressed with:

h�(�)
b |~rbi =

4⇡

kbrb

X

lb mb

i
lb(�1)lbulb(rb)e

i�lbY
mb
lb

(r̂b)Y
mb⇤
lb

(k̂b) (39)

h�MB
B |~rxi =

ulx(rx)

rx
Y

MB⇤
lx

(r̂x) (40)

h~ra|�(+)
a i = 4⇡

kara

X

lama

i
laula(ra)e

i�laY
ma
la

(r̂a)Y
ma⇤
la

(k̂a) (41)

h~rbx|�Ma
a i = ulbx(rbx)

rbx
Y

Ma
lbx

(r̂bx) (42)

the complex conjugation should be taken seriously.
The post/prior potential takes the local form:

h~rb~rx|Vpost/prior|~ra~rbxi = Vpost/prior(rbx, rx, x)�(~f(~rbx,~rx)� ~ra)�(~g(~rbx,~rx)� ~rb) (43)

where x stands for the angle between rbx and rx.
Combine all the expressions:

T
MaMB
�↵ =

16⇡2

kakb

Z
d~rbxd~rx

ulx(rx)

rx

ulbx(rbx)

rbx
Y

Ma
lbx

(r̂bx)Y
MB⇤
lx

(r̂x)

⇥ Vpost/prior(rbxrxx)
X

lalb

i
la+lb(�1)lbei(�la+�lb

)ula(f)

f

ulb(g)

g

⇥
X

mamb

Y
ma
la

(f̂)Y ma⇤
la

(k̂a)Y
mb
lb

(ĝ)Y mb⇤
lb

(k̂b)

(44)
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4.3 Manipulation of spherical harmonics

In order to carry out the numerical integration, we need to unify the variables. With the
expansion of spherical harmonics:

Y
m
l (r̂) =

p
4⇡

lX

n=0

nX

�=�n

c(l, n)
(pR1)l�n(qR2)n

rl

⇥ Y
m��
l�n (R̂1)Y

�
n (R̂2)hl � n m� �, n�|lmi

(45)

where

c(l, n) =

✓
(2l + 1)!

(2n+ 1)![2(l � n) + 1]!

◆1/2

(46)

when the vector satisfies:
~r = p ~R1 + q ~R2 (47)

so we can use rbx and rx to express f and g:

~ra = ~f = ~rx � p~rbx (48)

~rb = ~g = q~rx � ~rbx (49)

where

p =
mb

mb +mx
(50)

q =
mA

mA +mx
(51)

so the two spherical harmonics of f and g can be expanded with:

Y
mb
lb

(ĝ) =
p
4⇡

lbX

n=0

nX

�=�n

c (lb, n)
(qrx)

lb�n (�rbx)
n

glb
Y

mb��
lb�n (r̂x)Y

�
n ( ˆrbx)

⇥ hlb � n, n,mb � �,� | lb,mbi

(52)

Y
ma
la

⇣
f̂

⌘
=
p
4⇡

laX

u=0

uX

⌫=�u

c (la, u)
(�prbx)

la�u (rx)
u

f la
Y

ma�⌫
la�u ( ˆrbx)Y

⌫
u (r̂x)

⇥ hla � u, u,ma � ⌫, ⌫ | la,mai

(53)

combine all the spherical harmonics:

T
MaMB
�↵ =

64⇡3

kakb

X

lalb

e
i(�la+�lb

)
i
la+lb

Z
drbxdrx(�1)lb+n(�p)la�u

q
lb�n

⇥ r
n+la+1�u
bx r

lb�n+1+u
x ulx(rx)ulbx(rbx)

⇥
X

mamb

X

nu

X

�⌫

Y
ma⇤
la

(k̂a)Y
mb⇤
lb

(k̂b)c (la, u) c (lb, n)

⇥
Z

dr̂xdr̂bxY
Ma
lbx

(r̂bx)Y
MB⇤
lx

(r̂x)Vpost/prior(rbx, rx, x)
ula(f)

f la+1

ulb(g)

glb+1

⇥ Y
ma�⌫
la�u ( ˆrbx)Y

⌫
u (r̂x)Y

mb��
lb�n (r̂x)Y

�
n ( ˆrbx)

⇥ hla � u, u;ma � ⌫, ⌫ | la,mai hlb � n, n;mb � �,� | lb,mbi

(54)
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since the length of f and g depends on the relative angle x, in order to separate the angle and
the radius variable, we carry out the Legendre expansion:

Vpost/prior(rbx, rx, x)
ula (f)

f la+1

ulb (g)

glb+1
=

TmaxX

T=0

(2T + 1)qT
la,lb (rbx, rx)PT (x) (55)

where:

qT
la,lb (rbx, rx) =

1

2

Z 1

�1
Vpost/prior(rbx, rx, x)

ula (f)

f la+1

ulb (g)

glb+1
PT (x)dx (56)

and the Legendre function can be represented with spherical harmonics as well through the
so-called addition theorem:

PT (x) =
4⇡

2T + 1

TX

mT=�T

(�1)mT Y
�mT
T (r̂bx)Y

mT
T (r̂x) (57)

all the angle part now can be represented with spherical harmonics:

T
MaMB
�↵ =

(4⇡)4

kakb

X

lalb

e
i(�la+�lb

)
i
la+lb

Z
drbxdrx(�1)lb+n(�p)la�u

q
lb�n

⇥ r
n+la+1�u
bx r

lb�n+1+u
x ulx(rx)ulbx(rbx)

⇥
X

mamb

X

nu

X

�⌫

X

TmT

Y
ma⇤
la

(k̂a)Y
mb⇤
lb

(k̂b)c (la, u) c (lb, n)q
T
la,lb (rbx, rx)

⇥
Z

dr̂xY
⌫
u (r̂x)Y

mb��
lb�n (r̂x)Y

MB⇤
lx

(r̂x)Y
mT
T (r̂x)

⇥
Z

dr̂bxY
�
n ( ˆrbx)Y

ma�⌫
la�u ( ˆrbx)Y

Ma
lbx

(r̂bx)(�1)mT Y
�mT
T (r̂bx)

⇥ hla � u, u,ma � ⌫, ⌫ | la,mai hlb � n, n,mb � �,� | lb,mbi

(58)

the multiplication of two spherical harmonics can be reduced with:

Yl1,m1(✓,�)Yl2,m2(✓,�) =
l1+l2X

L=|l1�l2|

+LX

M=�L

(�1)M ⇥

(2l1 + 1) (2l2 + 1) (2L+ 1)

4⇡

�1/2

⇥
✓

l1 l2 L

0 0 0

◆✓
l1 l2 L

m1 m2 M

◆
YL,�M (✓,�)

(59)

so the first two terms of two angles can be reduced with:

Y
⌫
u (r̂x)Y

mb��
lb�n (r̂x) =

X

⇤b

X

m⇤b

(�)m⇤b


(2lb � 2n+ 1) (2u+ 1) (2⇤b + 1)

4⇡

�1/2

⇥
✓

u lb � n ⇤b

0 0 0

◆✓
u lb � n ⇤b

⌫ mb � � �m⇤b

◆
Y

m⇤b
⇤b

(r̂x)

(60)

Y
�
n (r̂bx)Y

ma�⌫
la�u (r̂bx) =

X

⇤a

X

m⇤a

(�)m⇤a


(2la � 2u+ 1) (2n+ 1) (2⇤a + 1)

4⇡

�1/2

⇥
✓

n la � u ⇤a

0 0 0

◆✓
n la � u ⇤a

� ma � ⌫ �m⇤a

◆
Y

ma
⇤a

(r̂bx)

(61)
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2⇥ 4 = 8 spherical harmonics now are reduced to 2 ⇥ 3 = 6 ones. It is worthy to mention that
the integral is carried out only on these spherical harmonics, and the three harmonics integral
can be represented with 3j symbol:

Z
Yl1,m1(✓,�)Yl2,m2(✓,�)Yl3,m3(✓,�)d⌦

=


(2l1 + 1) (2l2 + 1) (2l3 + 1)

4⇡

�1/2 ✓
l1 l2 l3

0 0 0

◆✓
l1 l2 l3

m1 m2 m3

◆ (62)

so the remaining integration on 6 harmonics can be expressed with:
Z

Y
m⇤a
⇤a

(r̂bx)Y
mbx
lbx

(r̂bx)Y
�mT
T (r̂bx) d⌦

=


(2⇤a + 1) (2lbx + 1) (2T + 1)

4⇡

�1/2 ✓
⇤a lbx T

0 0 0

◆✓
⇤a lbx T

m⇤a mbx �mT

◆ (63)

Z
Y

m⇤b
⇤b

(r̂x)Y
MB⇤
lx

(r̂x)Y
mT
T (r̂x) d⌦

=(�)MB


(2⇤b + 1) (2lx + 1) (2T + 1)

4⇡

�1/2 ✓
⇤b lx T

0 0 0

◆✓
⇤b lx T

m⇤b �MB mT

◆ (64)

then convert the last two CG coe�cients to 3j symbol with:

hj1j2;m1m2|j1j2; J Mi = (�1)j1�j2+M
p
2J + 1

✓
j1 j2 J

m1 m2 �M

◆
(65)

which reads:

hla � u, u;ma � ⌫, ⌫ | la,mai = (�)la+ma
p
2la + 1

✓
la � u u la

ma � ⌫ ⌫ �ma

◆
(66)

hlb � n, n;mb � �,� | lb,mbi = (�)lb+mb
p
2lb + 1

✓
lb � n n lb

mb � � � �mb

◆
(67)

we use the convention to simplify the expression:

n̂ =
p
2n+ 1 (68)
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finally all the harmonics are replaced by the 3j symbols:

T
MaMB
�↵ =

(4⇡)4

kakb

X

lalbT

e
i(�la+�lb

)
i
la+lb

Z
drbxdrx(�1)la+n(�p)la�u

q
lb�n

⇥ r
n+la+1�u
bx r

lb�n+1+u
x ulx(rx)ulbx(rbx)q

T
la,lb (rbx, rx)

⇥
X

mamb

X

nu

Y
ma⇤
la

(k̂a)Y
mb⇤
lb

(k̂b)c (la, u) c (lb, n)

⇥
X

⇤a⇤b

l̂a l̂b l̂x l̂bxn̂û
d(lb � n) d(la � u)⇤̂2

b⇤̂
2
aT̂

2

✓
⇤a lbx T

0 0 0

◆

⇥
✓

⇤b lx T

0 0 0

◆✓
n la � u ⇤a

0 0 0

◆✓
u lb � n ⇤b

0 0 0

◆

⇥
X

�⌫mT

X

m⇤am⇤b

(�1)mT+m⇤a+m⇤b
+MB+ma+mb

⇥
✓

⇤a lbx T

m⇤a mbx �mT

◆✓
⇤b lx T

m⇤b �MB mT

◆✓
n la � u ⇤a

� ma � ⌫ �m⇤a

◆

⇥
✓

u lb � n ⇤b

⌫ mb � � �m⇤b

◆✓
la � u u la

ma � ⌫ ⌫ �ma

◆✓
lb � n n lb

mb � � � �mb

◆

(69)

then we have to deal with these complicated 3j symbols.

4.4 Reduction of the 3j symbol

In this section, we focus on the sum over the last 6 3j symbols. With the reduction:

X

b

(2b+ 1)

✓
a b c

↵ � �

◆✓
b e h

� ✏ ⌘

◆8
<

:

a b c

d e f

g h i

9
=

;

=
X

�⌫�⇢

✓
c f i

� � v

◆✓
a d g

↵ � ⇢

◆✓
d e f

� ✏ �

◆✓
g h i

⇢ ⌘ ⌫

◆ (70)

the last 4 symbols can be reduced to:

X

�⌫

✓
n la � u ⇤a

� ma � ⌫ �m⇤a

◆✓
u lb � n ⇤b

⌫ mb � � �m⇤b

◆

⇥
✓

la � u u la

ma � ⌫ ⌫ �ma

◆✓
lb � n n lb

mb � � � �mb

◆

=(�)n+⇤a+la�u
X

l

(2l + 1)

✓
lb l la

�mb ml �ma

◆

⇥
✓

l ⇤a ⇤b

ml �m⇤a �m⇤b

◆8
<

:

lb l la

n ⇤a la � u

lb � n ⇤b u

9
=

;

(71)
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so the sum over the 6 3j symbols turned into:

X

mT

X

m⇤am⇤b

(�1)mT+m⇤a+m⇤b
+MB+ma+mb+n+⇤a+la�u

⇥
✓

⇤a lbx T

m⇤a mbx �mT

◆✓
⇤b lx T

m⇤b �MB mT

◆

⇥
X

l

l̂
2

✓
lb l la

�mb ml �ma

◆✓
l ⇤a ⇤b

ml �m⇤a �m⇤b

◆8
<

:

lb l la

n ⇤a la � u

lb � n ⇤b u

9
=

;

(72)

sum over 3 symbols can be reduced with:

W (abcd; ef)

✓
c a f

� ↵ �

◆

=
X

��"

(�)f�e�↵��

✓
a b e

↵ � �✏

◆✓
d c e

� � ✏

◆✓
b d f

� � ��

◆ (73)

so the sum over 3 3j symbols can be converted to:

X

mT

X

m⇤am⇤b

(�1)m⇤a+MB

✓
⇤a lbx T

m⇤a mbx �mT

◆

⇥
✓

⇤b lx T

m⇤b �MB mT

◆✓
l ⇤a ⇤b

ml �m⇤a �m⇤b

◆

=(�)lx+⇤aW (lx,⇤b, lbx,⇤a;T, l)

✓
lbx lx l

mbx �MB �ml

◆
(74)

then the sum over 6 3j symbols turned into:

X

l

(2l + 1)(�)mT+lx+m⇤b
+ma+mb+n+la�u

W (lx,⇤b, lbx,⇤a;T, l)

⇥
✓

⇤b lx T

m⇤b �MB mT

◆✓
lbx lx l

mbx �MB �ml

◆8
<

:

lb l la

n ⇤a la � u

lb � n ⇤b u

9
=

;

(75)
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at last we arrive at the final compact form of T matrix:

T
MaMB
�↵ =

(4⇡)4

kakb

X

lalbT

e
i(�la+�lb

)
i
la+lb

Z
drbxdrx(�1)la+n(�p)la�u

q
lb�n

⇥ r
n+la+1�u
bx r

lb�n+1+u
x ulx(rx)ulbx(rbx)q

T
la,lb (rbx, rx)

⇥
X

mamb

X

nu

Y
ma⇤
la

(k̂a)Y
mb⇤
lb

(k̂b)c (la, u) c (lb, n)

⇥
X

⇤a⇤b

l̂a l̂b l̂x l̂bxn̂û
d(lb � n) d(la � u)⇤̂2

b⇤̂
2
aT̂

2

✓
⇤a lbx T

0 0 0

◆

⇥
✓
⇤b lx T

0 0 0

◆✓
n la � u ⇤a

0 0 0

◆✓
u lb � n ⇤b

0 0 0

◆

⇥
X

l

(2l + 1)(�)mT+lx+m⇤b
+ma+mb+n+la�u

W (lx,⇤b, lbx,⇤a;T, l)

⇥
✓

⇤b lx T

m⇤b �MB mT

◆✓
lbx lx l

mbx �MB �ml

◆8
<

:

lb l la

n ⇤a la � u

lb � n ⇤b u

9
=

;

(76)
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